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The object of this paper is to prove a fixed point theorem of Singh and Meade type (1977) in 2-metric space.
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Introduction

Gahler (1963) has introduced the motion of a 2-metric space
as follows:

A 2-metric space is a non empty set X together with a real
valued function d on X x X x X satisfies the following
properties:

(i) For two distinct points X, y in X, there exists a point z in X
such that d(x, y, z) # 0. .
(i1) d(x, y, z) = 0 if at least two of X, y, z are equal.
aindiys 2)=d6 2z ) =4y, z, ©)

(iv)d(x,y, z) <d(x,y, u) +d(x, u, z) + d(u, y, z) for all x, y, z,
uinX.

Definition 1.1: sequence {x_} in a 2-metric space (X, d) is

said to be Cauchy sequence if limm'n_)w d(xm, X, 7)= 0 for all
zin X,

Definition 1.2. A 2-metric space (X, d) is said to be complete
if every Cauchy sequence in X is convergent.

Lemma 1.1. (Cho et al 1988) Forevery i, j, ke N, d(x, X X,)
=0 where {x_ } is the sequence in X defined in the proof of the
theorem.

Results and Discussion

Throughout this paper (X, d) stands for a complete 2-metric
space. Further, ¢ is the set of functions ¢ . (R*)’ — R¥, which
are upper semi-continuous from the right and non-decreasing
ineach coordinate variable such that ¢(t, t, t, at, bt) <t for each
t>0anda=0,b>0witha+b<2.

In this note we extend result of Singh and Meade (1977) for 2-
metric space. We prove the following:

Theorem 1. Let (X, d) be a complete 2-metric space and let S
and T be self mapping of X. Suppose there exists a$ € ¢ such
that for all x, y, a € X, d(Sx, Ty, a) £ ¢[d(x, y, a), d(x, Sx, a),
d(y, Ty, a), d(x, Ty, a), d(y, Sx, a)]....(2.1) holds, then there
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exists az € X such that z is a unique common fixed point of
Sand T.

Proof. Let x € X be any point. Then define a sequence of
iterates {x }. First choose a point x, in X, =S . Then choose
a point x, in X, = Tx, and so on. In general choose a point
X, in X, = Sx, ,and a point x, in X, =Tx, forn=
| el PutV =d(X, X, .» @). We shall prove that {V }is
a decreasing sequence.

If v, . >V, thenby (2.1) we have

\% 4@ s X
< ¢ [d(x,, X,
Ix a)ndee T
SOV, Viu V

< N!l-asV

2n+1 2n+1

a) =d(Sx,,, i),

a), d(x,,, Sx,, @), d(x,,, ,
2n+1’ a)’ d()(2n+l’ SXZn’ a)]
Y 0).

S9N

el = 42

2n+1° 2n+1’

giving a contradiction.

< V.

2 2n+l

Hence V, <V, . Similarly we can show that V,
Thus {V } is a decreasing sequence.

Now since
V,=d(X,, X,, a) =d(Sx, Tx,, a)

<(V,, V, V,, 2V, 0).

0 0

it follows by induction that

Vn <yt (V,), where

w(t) =max {§(t, t, t, 2t, 0), o(t, t, t, 0, 2t)}
Then by a lemma of Matkowsk (1977) we have

lim

n—)ec n



Fixed Point Theorems

We now show that {x } is a Cauchy sequence. For this, it
suffices to prove that {x, } is a Cauchy sequence.

Suppose that {x, } is not a Cauchy sequence. Then there is an
€ >0suchthatforeacheveninteger 2k, there are even integers
2m(k) > 2n(k) > 2k such that

d(XZm(k)’ X?.n(k)’
By the well ordering principle, for each even integer 2k, let
2m(k) be the least even integer exceeding 2n(k) satisfying
(2.3). That is to say that

d(xzn(”, e a) < e and (2.3) holds......(2.4)
Now
€< d(XZn(k)’ x2m(k)’ a) < d(x2n(k)’ 2m(k)-2 a) + V?_m(k)-z 5 vln(k)vl

(using lemma 1.1)
Then by (2.3) and (2.4) it follows that

lim, d(x

k—reo 2n(k)’ XZm(k)’ a

Also by the triangle inequality and using lemma 1.1 we have

, |d(x2n(k)’ XZm(k) r a) - d(x7n(k)’ 2m(k)’ a) | S V2m(k)-1
and
|d(x2n(k)+l’ x2m(k)-l’ a) ig d(XZn(k)’ x2m(k)’ a) | = V2m(k)-l -+ VZn(k)
Using (2.5) we get
d(xln(k)’ X2m(k)»l’ a) > €
and
d(XZn(k)+1’ X2m(k)—|’ a)—se

But by the hypothesis (2.1) one gets

d(x2n(k)’ me(k)’ a) s d(ln(k)’ x'.7|1(k)+1’ a) i d(x2n(k)+l’ x2n'|(k)’ ’d) o5

d(xln(k)ﬂ’ x2m(k)’ a) * d(XZn(k)’ XZm(k)’ XZn(k)H)
The last term will be zero by lemma 1.1

a) + d(x

= d(an’ n(k)+1° 2n(k)+ 1 XZm(k)’ a)

<V, +d(Sx

2n(k) 2n(k)’ Zm(k)v j12 'd.) 2
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+ ¢[d(x a) d(x

"n(k) 7n(k)’ a)

a), d(x SX

2m(k)-1 2n(k)’ a)]

2n(1\) 2n(k)’ ”m(k) r

Tx a), d(x

2m(k)-1 2m(k)- 1’

d(x

2n(L)’ Zm(k) i

<
R VZn(k) q)ld(XZn(k)’ 2m(k)-1? a)’ VZn(k)’ VZn(k)—l’

d(x a), d(x

2n(k)’ 2m(k)’ 2m(k)-1’ XZu(k)H’ a)]

As ¢ is upper semi continuous from the right, we obtain
<d(e,0,0,e,e )<e, when k — oo,

which is a contradiction. Thus {x } is a Cauchy sequence. By
the completeness of X, {x_} converges to a point z € X.

Now

d(z, Sz, a) < d(z, x,,, @) + d(z, Sz, x, ) + d(Sz, Tx, , a)
<d(z, X, ,a) +d(z, Sz, x 21) + ¢[d(z, X a), d(z, Sz, a), d(x2n_

X, p &), d(z, Tx, ,a), d(x,, |, Sz, a)]
<d(z, Sz, x,) +d(z, X, , ) + ¢[d(z, x‘2n_‘, A d(zy Sy a)aNE
d(Z, x?.n 12 a) it d(x"n 1> 2n 1?7 a) 32 d(Z TxZn 1> “"2n- ') d(x"n 1 SZ’ a)]

Letting n tending to oo, we obtain
d(z, Sz, a) £ (0, d(z, Sz, a), 0, 0, d(z, Sz, a)

By the property of ¢, we getd(z, Sz, a) =0. Similarly, it can be
shown that d(z, Tz, a) =0. Thus z e Sz Tz This completes
the proof.

Remark 1. Taking to be continuous function for metric space
we get a slightly revised version of the result of Husain and
Sehgal (1975) as a corollary.
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